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Abstract Interpretation

1 int c = input();

2
3 assume(c ě 0);

4
5 while(c < 10) {

6
7 c = c + 1;

8
9 }

10
11 assert(c ě 10);

12
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6 c = [0, 9]

7 c = c + 1;
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9 }

10 c = [10, 8]

11 assert(c ě 10);

12

Abstract Transformer
rl1, r1s `

7 rl2, r2s “ rpl1 ` l2q, pr1 ` r2qs

r0, 9s `7 r1, 1s “ rp0` 1q, p9` 1qs
“ r1, 10s

These abstract transformers
need to be created for every

concrete operations
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Abstract Transformer

f
f#

‚ Tricky even for trivial operation
‚ Error-prone
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Problem statement

Can we automatically synthesize an abstract transformer for any operations?

Given the
concrete semantics Φf of a concrete transformer f ,
description of an abstract domain (A, Ď,\), and its relation to the concrete domain
(α, γ, β), and
a domain-specific language L,

synthesize a best abstract transformer pf 7 of f for A in L.

pkalita@cse.iitk.ac.in SAS 2024 5 / 39



Problem statement

Can we automatically synthesize an abstract transformer for any operations?

Given the
concrete semantics Φf of a concrete transformer f ,
description of an abstract domain (A, Ď,\), and its relation to the concrete domain
(α, γ, β), and
a domain-specific language L,

synthesize a best abstract transformer pf 7 of f for A in L.

pkalita@cse.iitk.ac.in SAS 2024 5 / 39



Problem statement

Can we automatically synthesize an abstract transformer for any operations?

Given the
concrete semantics Φf of a concrete transformer f ,
description of an abstract domain (A, Ď,\), and its relation to the concrete domain
(α, γ, β), and
a domain-specific language L,

synthesize a best abstract transformer pf 7 of f for A in L.

pf 7 “ λa : \tβpf pciqq | ci P γpaqu

pkalita@cse.iitk.ac.in SAS 2024 5 / 39



Problem statement

Can we automatically synthesize an abstract transformer for any operations?

Given the
concrete semantics Φf of a concrete transformer f ,
description of an abstract domain (A, Ď,\), and its relation to the concrete domain
(α, γ, β), and
a domain-specific language L,

synthesize a best abstract transformer pf 7 of f for A in L.

We build a tool, अमूत� (Amurtha), that solves the above problem.

aPankaj Kumar Kalita, Sujt Muduli, Loris D’Antoni,Thomas Reps, Subhajit Roy, Synthesizing Abstract
Transformers, OOPSLA 2022
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Challenges

1 pf 7 may not be computable.

2 pf 7 may not be expressible in L.

3 Precision defines a partial ordering on abstract transformers, so f 7 P L may not be unique.
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Algorithm Overview

Amurth uses counterexample-guided inductive synthesis (CEGIS) strategy.

Attempts to meet the dual objectives of soundness and precision

Correspondingly, the algorithm is guided by two kinds of examples,

Positive Example (E`): xa, c1y such that, a P A, c1 P C and c1 P γpf̂ 7paqq

xr5, 9s, 10y (increment in interval domain)

Negative Example (E´):

xa, c1y such that, a P A, c1 P C and D f̂ 7
L P L such that, c1 R γpf̂ 7

Lpaqq

xr5, 9s, 2y (increment in interval domain)

Soundness and precision verifiers drive two CEGIS loops.
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Algorithm

Generate
Transformer

positive example negative example

Soundness
CEGIS

Precision
CEGISCheck 

Soundness
Check 

Precision

sound? precise?

Additional algorithmic components are needed! (see the paper for details)
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Amurth in action!

f 7

abs Ð λa.r0, 2s

pf 7 “ λa : \tβpf pciqq | ci P γpaqu

pf 7
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Amurth in action!
f 7

abs Ð λa.r0, 2s
Positive counterexample: xr0, 5s, 3y

pf 7 “ λa : \tβpf pciqq | ci P γpaqu

‹

pf 7
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Amurth in action!

f 7

abs Ð λa.r0, a.l` a.rs

pf 7 “ λa : \tβpf pciqq | ci P γpaqu

‚

pf 7

pkalita@cse.iitk.ac.in SAS 2024 9 / 39



Amurth in action!
f 7

abs Ð λa.r0, a.l` a.rs
Negative counterexample: xr3, 7s, 8y

pf 7 “ λa : \tβpf pciqq | ci P γpaqu

‚

‹

pf 7
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Claims

Theorem 1

If Algorithm terminates, it returns a best L-transformer for the concrete function f .

Theorem 2

If the DSL L is finite, algorithm always terminates.
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This paper

From single domain to reduced product domains.
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Odd and Even interval domain

Odd interval domain:

αOpSq “ risOddpminpSqq ? minpSq : minpSq ´ 1,
isOddpmaxpSqq ? maxpSq : maxpSq ` 1s

αOpt4uq “ r3, 5s
γOprl, rsq “ tx | l ď x ď ru

Even interval domain:

αEpSq “ risEvenpminpSqq ? minpSq : minpSq ´ 1,
isEvenpmaxpSqq ? maxpSq : maxpSq ` 1s

αEpt5uq “ r4, 6s
γEprl, rsq “ tx | l ď x ď ru
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Product Domain

Odd-Interval Domain
AO

Even-Interval Domain
AE

AO ˆAE

ao P AO, ae P AE.
γOˆEpxao, aeyq “γOpaoq X γEpaeq
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Transformers for increment

incpcq “ c` 1

inc7Dpxo, eyq “

xr

Odd-Interval
hkkkkkkkkkikkkkkkkkkj

o.l , o.r + 2 s, r

Even-Interval
hkkkkkkkkkikkkkkkkkkj

e.l , e.r + 2 sy

inc7Dpxr5, 7s, r4, 6syq “ xr5, 9s, r4, 8sy
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Direct Product vs Reduced Product

xa1 a2 . . . any

xf 7D
1 f 7D

2
. . . f 7D

n y

xa1
1 a1

2
. . . a1

ny

Direct-product transformers

xa1 a2 . . . any

xf 7R
1 f 7R

2
. . . f 7R

n y

xa1
1 a1

2
. . . a1

ny

Reduced-product transformers
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Reduced-Product Transformer

incpcq “ c` 1

inc7Dpxo, eyq “ xr

Odd-Interval
hkkkkkkkkkikkkkkkkkkj

o.l , o.r + 2 s, r

Even-Interval
hkkkkkkkkkikkkkkkkkkj

e.l , e.r + 2 sy

inc7Dpxr5, 7s, r4, 6syq “ xr5, 9s, r4, 8sy

inc7Rpxo, eyq “ xr

Odd Interval
hkkkkkkkkkkkkikkkkkkkkkkkkj

e.l + 1, e.r + 1 s, r

Even-Interval
hkkkkkkkkkkkkikkkkkkkkkkkkj

o.l + 1, o.r + 1 sy

inc7Rpxr5, 7s, r4, 6syq “ xr5, 7s, r6, 8sy
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Problem statement (Reduced-Product Domain)

Given the
concrete semantics Φf of a concrete transformer f ,
description of an abstract domain (A, Ď,\), and its relation to the concrete domain
(α, γ, β), and
a domain-specific language L,

synthesize a best abstract transformer pf 7 of f for A in L.
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Given the
concrete semantics Φf of a concrete transformer f ,
description of abstract domains (xA1, . . . , Any, xĎ1, . . . , Ďny, x\1, . . . ,\ny), and its
relation to the concrete domains (xα1, . . . , αny, xγ1, . . . , γny, xβ1, . . . , βny), and
domain-specific languages L1, . . . ,Ln,

synthesize a sound and most precise reduced abstract transformer f 7R : xf 7R
1 , f 7R

2 , . . . , f 7R
n y
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relation to the concrete domains (xα1, . . . , αny, xγ1, . . . , γny, xβ1, . . . , βny), and
domain-specific languages L1, . . . ,Ln,

synthesize a sound and most precise reduced abstract transformer f 7R : xf 7R
1 , f 7R

2 , . . . , f 7R
n y

We build Amurth2 to solve the above problem.
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Why Not Amurth?

Why not use Amurth?

Amurth is only
for one domain

Take the product
of domains

Good idea,
but will it scale?
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Why Not Amurth?

Try it out

Amurth could not
synthesize transformers for
addition even in 10 hrs

What about
synthesizing transformers

independently using Amurth?
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Why Not Amurth?

inc
7
oddpo.l, o.r, e.l, e.rq;

inc
7
evenpo.l, o.r, e.l, e.rq;

besti ` bestk ‰ best
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besti ` bestk ‰ best

Consider, abstracting using abstraction.
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Positive and Negative Example

xxa1, a2, . . . , any, c1y is a

positive example, if it is contained in all transformers (shared)

negative example, if there is any one domain whose transformer excludes it (private)
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Algorithm
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k-Precision

Synthesize k transformers at a time

We showed 1-precision: iterating over each domain

Conjecture: k-precision can be weaker than pk` 1q-precision
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Claims

Theorem 3

If Algorithm terminates, it returns a sound Lk-transformer for the concrete function f for each
domain k.

Theorem 4

Synthesized transformers will be 1-precise.

Theorem 5

Even though each DSLs, xL1, . . . , Lny is finite, algorithm might not always terminate.
However, in practice, no case of non-termination detected.
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Experiment

Performed on two product domains, JSAI and SAFE (part of SAFEstr
1)

Evaluated on six operations, i.e., concat, contains, toLower, toUpper, charAt,
and trim

Except contains, synthesized transformers are more precise than the manually written
ones

1
R. Amadini, A. Jordan, G. Gange, F. Gauthier, P. Schachte, H. Søndergaard, P. J. Stuckey & C. Zhang, “Combining String Abstract Domains for JavaScript

Analysis: An Evaluation”, in TACAS’17
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SAFE Domain

SSk Domain: Set of strings of size k

αSSkpCq “

#

C |C| ď k
JSSk otherwise

γSSkpAq “

#

A A ‰ JSSk

Σ˚ otherwise

NO Domain:

Number :´ 3, 0, 2, 2.35, ´0.23, NaN, . . .
Others : Everything else
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SAFE Domain

Lattice for NO Lattice for SSk
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trim in SAFE

1 trim
7D
SAFEparg1q {

2 out Ð arg1
3 if(arg1.ssk R tJSSk

, KSSk
u) {

4 sset ÐH

5 for(x Ð arg1.ssk)
6 sset Ð sset Y ttrimpxqu

7 out.ssk ÐαSSk
pssetq

8 }

9 if(arg1.no “ OtherStr)
10 return xout.ssk, JNOy

11 else

12 return out

13 }

Manually written

1 trim
7R
SAFEparg1q {

2 if(arg1.ssk R tJSSk
, KSSk

u) {

3 sset Ð H

4 for(x Ð arg1.ssk)
5 sset Ð sset Y ttrimpxqu

6 out.no Ð αNOpssetq

7 out.ssk Ð αSSk
pssetq

8 return out

9 } else {

10 if(arg1.no “ OtherStr)
11 return xarg1.ssk, JNOy

12 else

13 return arg1
14 }

15 }

Synthesized by Amurth2

trim
7D
SAFEp“ 123 ”q “ x“123”,JNOy trim

7R
SAFEp” 123 ”q “ x“123”,NumStry
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trim in SAFE
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Conclusion

Synthesis of abstract transformer is hard, but synthesis of reduced product transformer is
even more challenging

Reduced product transformers synthesized by Amurth2 are more precise than the
manually written ones

pkalita@cse.iitk.ac.in SAS 2024 31 / 39



Conclusion

Synthesis of abstract transformer is hard, but synthesis of reduced product transformer is
even more challenging

Reduced product transformers synthesized by Amurth2 are more precise than the
manually written ones

pkalita@cse.iitk.ac.in SAS 2024 31 / 39



Acknowledgments

Wonderful SAS reviewers

Intel for Intel India Research Fellowship

Research-I foundation of IIT Kanpur

SIGPLAN PAC Funding

pkalita@cse.iitk.ac.in SAS 2024 32 / 39



QUESTIONS
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Failed Consistency
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Failed Consistency

Inconsistent: no f 7

E P L that satisfies all positive and negative examples.

pkalita@cse.iitk.ac.in SAS 2024 35 / 39



Failed Consistency

Occam’s razor
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Soundness Check

Dxa, c1y, where a P A, and c1 P C, such that.

Dc P C, c P γpaq ^Φf pc, c1q ^ c1 R γpf 7

Epaqq (1)

Let us now define the interface:

CheckSoundnesspf 7

E, f q “

#

False, xa, c1y if (1) is SAT

True, otherwise
(2)
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Precision Check

Dh7

L P L, xa, c1y. where a P A, and c1 P C, such that.

sat`ph7

L, E`q ^ sat´ph7

L, E´ Y txa, c1yuq ^␣sat´pf 7

E, txa, c1yuq (3)

We can now define the CheckPrecision interface:

CheckPrecisionpf 7

E, E`, E´q “

#

False, xa, c1y if (3) is SAT

True, otherwise
(4)
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Soundness Check (Reduced)

Dc P C.
`

n
ľ

i“1

c P γipaiq
˘

^ c1 “ f pcq ^
`

c1 R γkpf
7R
k pa1, . . . , anqq (5)

CheckSoundnesspf 7R
k , f q “
#

False, xxa1, . . . , any, c1y if Eqn 5 is SAT
True, otherwise
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Precision Check (Reduced)

Dh7R
i , xxa1, . . . , any, c1y, s.t. satI`ph7R

i , E`q ^

satI´ph7R
i , E´

i Y txxa1, . . . , any, c1yuq ^ (6)

␣sat´pxf 7R
1 , . . . , f 7R

n y, txxa1, . . . , any, c1yuq

CheckPrecisionpxf 7R
1 . . . f 7R

n y, f , i, E`, E´
i q “

#

False, xxa1, . . . , any, c1y if Eqn 6 is SAT
True, otherwise
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